1. The " finiteness" o( the complete system of concomitants of a single binary form was first proved by Gordant in the year 1868. Before that time it was believed that quantics of order higher than 4 did not possess a finite system of concomitants. Since then many different proofs of this central fact in the theory of forms have been given by various writers. Its truth has been established for ternary forms and forms having any greater number of variables ; for forms possessing two or more different sets of variables, whether cogredient or otherwise ; for any simultaneous system of forms ; and for types of concomitants when the actual number of base forms becomes infinite, but the order of each is finite. Information, with references, as to the various proofs of the finiteness is to be found in any of the various editions of Meyer's " Bericht iiber den gegenwartigen Stand der Invariantentheorie."! The majority of the proofs, especially of the later ones, keep the attention fixed on the collective idea of finiteness, and give little or no information as to the actual cuiujjosition, formation, or extent of the complete system. There are two exceptions, which stand out pre-eminently from the above general rule : these are the proof given by Gordan and that due to Jordan.
Gordan proved the theorem by actually giving a process by means of which the complete system might be established, and by showing that this process yielded only a finite number of irreducible concomitants. In the later editions of his proof the process was considerably modified, but the principle remained the same. . Jordan's proof was published in 1876.* It is remarkable that it has not attracted more attention. The first half of the paper referred to is devoted to an introduction to the theory of symbolic algebra.
The author then proceeded to examine the covariants of degree 3. His discussion was exhaustive and established the following theorem :- They may also be linearly expressed as a function of the covariants G p ahc , Cbca> Ccab> where p ^> \)i. If n = 3&+2, these last covariants will be all independent. If n = S&+1, they will be connected by a relation which will permit us to express the sum C'^-f C'^. + C 1^, , as a linear function of those C's for which p <.k. If n = Sk, there will be two relations permitting us to express two of C '^, C'[, ca , C h Cflh as a function of the third and of those covariants G for which p is less than kA
In the next paragraph covariants of a system of qualities, the order of each being at least 2Z, were considered. It was proved that these belonged to three classes : (i.) covariants which have a factor (ab) l+1 ; (ii.) covariants which have a factor (ab) 1 '-v'-e', ..., where e (l) is equal to 0 or 1, according as ^w is odd or even.
In the next paragraph an upper limit to the degree in the coefficients of irreducible covariants of the third class was obtained.
In the last paragraph the finiteness was proved for any simultaneous system, the proof being equally applicable to the finiteness of types of concomitants, for the letters of a symbolical product were regarded as not interchangeable. In addition, an upper limit to the order (in the variables) of an irreducible concomitant of a system of binary forms, the order of * Liouville's Jour, de Math., 1876. f This theorem is fundamental to the method used in the present paper. It is extended in Jordan's second paper, Liouxlllc's Jour, de Math., 1879. It was rediscovered by Stroh, Math. Ann., Bd. xxxi., pp. 444-454, who proved it in a more general form than that given above, using an entirely different method. each being equal to or less than n, was obtained. This limit, which for any value of n could be calculated by a definite arithmetical process, is the same as that given here for the first eleven values of n, but for n = 12, and for higher values of n, Jordan's upper limit is here shown to be too high.
In Liouville's Journal tie • Mathematiques, 1879, Jordan wrote a second paper to determine an upper limit for the degree of an irreducible concomitant.
Upper limits for the degree and order of an irreducible concomitant have also been given by Sylvester.* He assigned the limit as an upper limit to the order of a concomitant of a simultaneous system of binary forms of odd orders n, n', n", ..., and even orders v, v', v", ... ; but he gave no proof. The limit is higher than that given by Jordan.
Our knowledge of complete systems of concomitants of binary forms is still limited to a few cases. Complete systems have been calculated for single forms of orders from 1 to 8 inclusive. For two quantics (h, k) the systems are known for the cases (2, 1), (2, 2), (2, 3), (3, 3), (3, 4), (2, 5), (2, 6), (4, 4). Systems of types of concomitants are known for the first four orders separately. The system for any number of quadratics and linear forms has been found. Also rules have been given by which the additional concomitants may be at once obtained when a linear or quadratic form is added to an already known complete system. References in nearly all the cases quoted are to be found in Meyer's Bericht.
2. The main object of the present paper is to obtain the complete irreducible system of types of covariants of binary forms of order n whose grade does not exceed tyi.
The theorem to be proved is in reality an extension of the theorem proved for perpetuant types by Grace, t and follows his work closely both in statement and in demonstration.
The determinant factors of the symbolical products used here are alone written down, for, the orders of the various quantics considered being known, the remaining factors can at once be supplied. Assuming that this theorem is true when the number of quantics concerned is less than S, we shall first prove its truth when the number is equal to S.
Any covariant of the kind under discussion may be expressed in terms of transvectants of the form (a* 1 , Cs-iV, where Cs-i is a covariant of unit degree in the coefficients of each of the quantics 0%*, d% 3 , ..., a^'. Hence, on the above assumption, the transvectant written down can be expressed linearly in terms of transvectants and of covariants belonging to the second and third classes.* Now all possible transvectants of this form are under consideration ; hence each may be replaced by one of its terms.
Unless A 2 -f-/x < n 2 , the transvectant contains a term belonging to the second class. Hence all the covariants considered can be expressed in terms of covariants of the form (a 1 a 2 When n lt n 2 , n 3 are all greater than \ 2 -\-/JL, and X 2 +/i is not less than 2 6~2 , we may express the covariant {a-^a^ (a 2 a^ linearly in terms of the covariants* Now, by § 3, if C be any one of the covariants in the first two rows just written down, the number of factors involving a v a 2 , <x 3 only in the transvectant {G, (il*~x*q^= x can be increased.
• Stroh, Math. Ann., Bd. xxxi., pp. 444-454 ; Jordan, Liouwlle's Jour, de Math., 1876 , 1879 Hence these covariants can ultimately be expressed in terms of covariants of the second and third classes, and of covariants which contain the factor (%%)*', where \ <£ 2 s " 2 .
If, now, we write a* If ix < n B and X = 1, we can, by means of the relation express the covariant in terms of members of the first and third classes.
Hence the theorem is true when three quantics are involved ; it is therefore true in general.
7. Let us suppose that all the quantics considered in the theorem just proved are of the same order n. Then the covariants of the second class all contain a factor of the form ( 
